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Abstract 



o 

m 

In this proceedings a particular example from [ KMP Y | is presented: 
■ the construction of the level 2 Fock space of U g (s[ 2 ). The generating 

\ ideal of the wedge relations is given and the wedge space defined. Nor- 

mal ordering of wedges is defined in terms of the energy function. 
Normally ordered wedges form a base of the wedge space. 

The q-deformed Fock space is defined as the space of semi-infinite 
| wedges with a finite number of vectors in the wedge product differing 

Q\ ■ from a ground state sequence and endowed with a separated g-adic 

""^j! topology . Normally ordered wedges form a base of the Fock space. The 

action of U g (sl 2 ) on the Fock space converges in the q-adic topology. 
On the Fock space the action of bosons, which commute with the 
O h . U g (sI 2 )-action, also converges in the q-adic topology. Hence follows 

| the decomposition of the Fock space into irreducible U g (sl 2 )-modules. 

x. 

1 Introduction 



The classical semi- infinite wedge construction [DJKM] originates from the 
study of the representation theory of affine Lie algebras and the soliton 
theory of integrable hierarchies during the 80's (for a review see for exam- 



ple [KRQ. In the last couple of years the subject has been revived by the 



consideration of its (/-deformation in the context of the representation theory 
of quantum affine algebras. 

In (S, KMSfl the semi- infinite wedge space construction of the level 1 Fock 



space of U 9 (s[„) and its decomposition were given. In |KMPY| under certain 
assumptions a general scheme for the wedge construction of (/-deformed Fock 
spaces using the theory of perfect crystals was presented. Let U g (g) be a 



"This proceedings is based on the paper "Perfect crystals and q-Fock spaces" [KMPY 
by Masaki Kashiwara, Tetsuji Miwa, Chung Ming Yung and the speaker. 

^extended version of an invited talk at the Nankai-CRM meeting "Extended and quan- 
tum algebras and their application to physics", held at the Nankai Institute for Mathe- 
matics, Nankai University, Tianjin, China, 19-24 August 1996 
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quantum affine algebra. Let V be a finite dimensional Ug(g')-module with 
a perfect crystal base [ KMNj ] of level k. Let V^g denote its affinization. 
In [KMPY] the wedge space /SfV^ff (r G N) was constructed using the U g (g)- 
action and the following U 9 (g)-linear map was given 

A r Kfr ® A s Kff — A r+s K ff . 

Normal ordering of wedges was defined and it was proven that normally 
ordered wedges form a base of f^V & s- The level k Fock space T m (m G Z) 
was constructed and the corresponding U g (g)-linear map 

A^aff ® -^m ► -^m-r 

was defined. The decomposition of the Fock space was given. 

In [|KMPYi examples of the theory for level 1 A$P ( fKMSf ), B$t\ 



A m 4(2) 



D n +i an d level k A\ L) were also given 



l' 



(i) 



In this talk I summarize some of the results of [ KMPYf] , describing the 
case of level 2 U 9 (s[2) in detail. This fairly simple example is sufficient to 
illustrate the differences between the level 1 U q (sl n ) case ( gM| ) and other 



cases ([KMPY]): in particular the need to endow the Fock space with a 



separated g-adic topology. For fuller details and proofs, please see [KMPY]. 
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2 Preliminaries 

Let g be an affine Lie algebra with associated weight lattice P := Eigj ^A«© 
Z<5 and g' its derived Lie subalgebra with associated weight lattice P c \ := 
Eie/ZAf. Define hi £ P* by (h u 5) = and {h^Aj) = <5 fj - G /). 
Similarly define h { 6 P* x by (hi,Af) = 5 itj G I). Let W be the Weyl 
group of g. Let c denote the canonical central element in g and g'. Define 
the projection cl : P — > P c \ by 

cl(^WjAj +U)s5) := y^UjAf (Wi,w<5 G Z). 
iei iei 

Define P+ := {A G P d \ (h u A) > 0}. 
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Let U g (g) (respectively \J q (g')) be the quantum universal enveloping al- 
gebra of g (g') over Q(q) with generators ei,fi,q h (i G / and h G P* (-P c *)). 
Write t j for q^ . 

The coproduct of U g (g) (U g (g')) is taken to be A = A + : 

'q h ^q h ®q h (h G P* (P* Y )) 

A: l ei ^ ei^l + t' 1 ®ei (i G /) 

In this talk I take g = st 2 , so / = {0, 1} and c = ho + /ii. 
2.1 Perfect crystal base 

I recall briefly some facts from the theory of crystals bases (see [|Kj for the 
definitions). Recall that a crystal is a set B with maps ej,/j : BU {0} — > 
S U {0} (i G J), such that 

(i) e;0 = = £0, 

(ii) there exists n G Z >0 such that e™6 = = /f 6 (Vb G S, i G I), 

(iii) 6' = /i6 <=> 6 = e^' (6, b' eB,ieI) 

Let V be a finite dimensional Ug(g') module with crystal base (L,B). 

We take the U g (s( 2 )-module to be V := © je j := [o 2] Q(l) v j with crystal i? = 
|J Jg j{6j} and crystal graph 

1 1 
b ^b 1 ^b 2 . 




In the crystal graph an arrow b b' -4=^ b' = fib. 

Let A := {/ G Q(g) | / has no pole at q = 0}. The crystal lattice 
L = A®q span Q (5). 

Define maps £j , ^ : -B — > N by 

£i(6) := max{n G N | efb ^ 0}, 
y>i (6) := max{n G N | /™6 ^ 0}. 

and maps e, : -B — > P c \ by 

£ (6):=^ £i (6)Af, <p(b):=J2<Pi(P)At- 



In our example 

e(b j ) = (2-j)A$ + jA? 
<p(b j )=jA$ + (2-j)Af 



(J G J)- (2-1.1) 
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The weight of b G B is given by wt(b) = 99(b) — e(b): 



wt(6 J ) = 2(l-i)(Af-„ 

We take {vj = G(bj)}j e j to be a lower global base 
example, we have 

etGQb) = [<pi(b) + l]G(e t b), 
fiG(b) = [Ei{b) + l]G(Jib), 



Ar 



of V. For our 



q h G(b) 



(h,wt(b)) 



G(b). 



The use of a lower global base is essential to our construction: see the 
remarks after Lemma 3.1 and Theorem 14. 1L 



Let B = Uagp cI be the weight decomposition. 

Let Bi,B2 be crystals. The tensor product B\ ® i?2 (corresponding to 
the coproduct A) is defined to be the set B\ x B% with the action of the 
Kashiwara operators ej,/j given by 



b') 



~fi{b®b') 



\eib®V if ei(b) > (pi(V) 
\b®eib' if £i (b) < <pi(V) ' 

f/ib®?/ i£ ei(b) > <pi(l/) 

\b®fib> Ei{b) < Vi {b') ' 

The crystal base (L, B) is perfect of level k = 2, which means that it 
satisfies the following conditions: 

(i) There exists a weight A° € wt(£?) such that wt(-B) is contained in the 
convex hull of WX° and that |-B w a°| = 1 (w € W). The elements of 
B w \o and their weights w\° are called extremal. 

(ii) B <8> B is connected as a crystal graph. 

(iii) k = max{n G Z >0 | (c,e(b)) > n (Vb G B)}. 

(iv) ^:{6eB (c, £ (b)} = k} —> (P+) k := {A G P+ 
bijective. 

Note that {c,ip(b) - e(b)) = 0, since (c,wt(b)) = (b G £). 



(c, A) = A:} are 



In our example A = ±2(Af - Aq), 



bo <S> b 
o 



B (R> B 



bi 



•X) 



b 2 <X> bo 



bo <8> bi 
o 

bi (g) bi 
l 

5 bi 



bo <8> b2 



bi 



and ( 2.1.3Q implies that e,(p map bijectively. bo,b2 are extremal. 
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2.2 Affinization 

Let V^ff := V ® Q[z, z~ l ] be the Ug(g)-module, which is the affinization of 
V such that 



Let (LaiT) Baft) be the crystal base of V&g. 

Let z a : Vas — > 14ff ( a £ 2) denote the U g (f/)dinear endomorphism 

1; ® ?; ® (« <g> £ G Va ff ). Then := z a (wj ® 1) = «j <g> z a (j G J, 



The arrows of the crystal graph induce a partial ordering of -B a ff • 
Define the map I : B^s —> Z by 



Define the energy function ( fKMNfl ) H : B aS <g> B aS -> Z by 

(i) 6') = ff(6 6') - 1 and z6') = ff(6 ® 6') + 1 (6, 6' 

(ii) .ff is constant on every connected component of the crystal graph 

-Baff ® -Baff, 

(iii) H(z a b°,z a b°) = for any extremal b° £ B and a G Z. 
For our example we have 



wt(^j ®/) := wt(fj) + a6, 



(j g J,aeZ). 




Z(^°6j) := 2a - j. 



min{i, 2 — j} 



G J). 



If ff(6 ® 6') < 0, then 1(b) > l{b'). 



3 Wedge space 



For an extremal 6° G B, let v 



.0 



G(6°). Define 



iV := U,(g)[z <g> 2, z' 1 <g> z -1 , z ® 1 + 1 <g> <g> 
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It is not too difficult to prove that N is independent of the choice of extremal 
element 6°: indeed for any extremal b' G B, G{z a b') (g> G{z a b') G N (a G Z). 
For our example, define the following elements of N: 



Cb ,b 


■■= vq <8 


VQ, 


CboM 


:= Vq <8 


V\ + q 2 Vi (g> Vq, 


Cb ,b 2 


:= Vq 8> 


v 2 + qvi <8>vi + q A V2 <8 vq, 


C&i,b 2 


:= v\ <g> 


V2 + Q 2 V2 8> 1>1, 


Cb 2 ,b2 


:= V2 8> 




C z bi,b\ 


:= C 


+ g 2 wi <8 v 2 , 


Cz 2 b 2 A) 


:= z 2 v 2 


<S> v o + g-^i <8 -zvi + g wo <8 z 2 V2, 


C-zbi ,bo 


:= Zfi C 


$v + q 2 v (8) 


C z bi,bi 


:= zvi C 


3t;i + g 2 vi z^i + g 2 [2](uo <8 .zt>2 + zv2 8 



(These elements are constructed by the action of U^s^) on v\ <8 v±.) 

Lemma 3.1. Let B iyj := {{b, b') G B aS <g> £ afr | fl"(6 ® b') > 0, Z(6j) < 1(b) < 
l(z H ^® b i\)Mbi) <l(V) < l(z H ^® b ^bi)}. Each element C H( bi ®b i)h , has 
the form 

G(z H{ f , ^b i )®G{b j )- a bM G(b)®G(b'). 

(bWeBij 

The coefficients a bjV lie in qZ[q}. H(z H ( bi ® b i\ 8> bj) = 0. 

The conditions in this Lemma are required for the construction of the 
Fock space. Note that this Lemma does not hold for the corresponding 
elements of N in an upper global base. 

The vectors {C H^bA, , } are linearly independent. We have 

Z J i , Oj 

Q(q)[z <8 z,z~ l <8> z~ l ,z <g> 1 + 1 (8) z]C z H(b i ^b j ) b . b . = N . 

i,jeJ 

Define the wedge product by 

A'Kff := V aS ® V aS /N. 

For v, v' G V a ff , denote the image of v ® t> ' G V^g 2 in /\ 2 ^afr by d A u'. 

We call a pair (6, 6') G normally ordered, if i?(6 8> b') > 0. For such 
a pair, G(b) A G(fe') is called a normally ordered wedge. 

Note that viAvi is normally ordered and is not equal to even at q = 1. 

The elements C &>6 / G iV (6, 6' G B aS such that #(6 <g> b') = 0) should 
be thought of as a rule for writing G(b) A G(b') as a linear combination of 
normally ordered wedges. 
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Proposition 3.2. {z ai v h A z a2 v h } H(z a lbnm a 2bn)>0 is a base of A^aff- 
Let n G Z>o. Define the n- wedge space by 

r=0 

AXff := KffV^n- 

By construction A n ^afr is a Ug(g)-module. 

A sequence (b^, bj 2 , . . . , 6 Jn ) G -B^ 1 (j r G J) is called normally ordered if 
H(bj m <S> bj m+1 ) > for every m G [0, n — 1]. In this case the corresponding 
wedge Vj 1 Avj 2 A ■ ■ ■ A Vj n is called a normally ordered wedge. 

The homomorphism 

A ri Kfr® A r2 Kfr^ A ri+r2 K ff 

is U g (g)-linear. 

Theorem 3.3. Normally ordered n- wedges form a base of A"Kiff- 

Define L(A%ff) to be the image of L{V® n ) in A"Kfr and B(/\ n V aS ) := 
{( b h,bj 2 ,. .-,b jn ) | normally ordered}. 

4 Level 2 Fock space 
4.1 Ground state sequence 

Recall that -B a g is the affinization of the perfect level k = 2 crystal B. 
Extend the maps £,99 : B — ► P c \ to -B a ff — > P c i by e(z a bj) := e(bj) and 
ip(z a bj) = ip(bj). Fix a sequence 6^ G -B a ff (m G Z) such that 

(c,e(b° m )) = k, 

e(b°J = <p(b° m+1 ), 
H(b° m ®b° m+1 ) = l. 

We call this sequence a ground state sequence. Take also a sequence of 
weights A m (m G Z) such that 

(c, A m ) = fc, 
cl(A m ) = ip(b° m ), 
\ m = wt(b° m ) + A m+i . 

Define < := G(b°J. 
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For our example of level 2 U 9 (sl 2 ) there are, up to equivalence, 
possible ground state sequences 

^ Q | zbi for m G 2Z, 
m ~\&o form€2Z + l, 
j2A +<5 for m G 2Z, 

Am — \ 

[2Ai form€2Z + l, 

and 

fe^ = 61 (m e Z), 

A m = A + Ai (m€Z). 

4.2 Fock space 

In the formal semi- infinite wedge space /\°°14ff , define the vacuum vector 

\m) := v° m A v° m+1 A *4 +2 A ■ ■ ■ (m G Z). 
Define the pre-Fock space 

Fm ■= ^A'Kflf A jm + r). 

rGN 

Let L{T r n) be the crystal lattice of -F m . Define the Fock space ,F m to be 

Tin ■= Tml H 

n>0 

Let |m) be the image of |m) in T m . Taking {q n L(J r m )} n€ ^ as a neighborhood 
system of 0, T m is endowed with a q-adic topology. By construction the q- 
adic topology is separated, since C\ n>0 q n L(T m ) = 0. 

We have an algebra homomorphism f{V a g T m — > T m - r - 
Denote the vacuum vector |m) associated to ground sequences (A) and 
(B) by |m) A and |m) B respectively. Similarly denote the Fock space T m 
associated to ground sequences (A) and (B) by and respectively. 

Note that G(b) A \m) = 0, if and only if there exists rGN such that 
G(b) /\v° m A v° m+1 A • • • A v° m+r = 0. 

Theorem 4.1. Let b G be such that H(b®b° rn ) < 0. In T m the equality 

G(b) A \m) = 

ZioWs in the q-adic topology. 



only two 
(A) 
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Note that this theorem only holds for a lower global base. 

For example in J- B the vacuum vector is \m) B = A v\ A v\ A . . . and 

v A \m) B = lim (-g 2 ) r i^ r A v A \m + r) B 

r ^°° (4.2.1) 
= (in the g-adic topology). 

For a normally ordered sequence (z am bj m , z am+1 bj m+l , . . .) in B a Q such 
that z ar bj r = b° for all r » m, the wedge ^ am w : , m A .z am+1 %„ +1 A • • • is called 
a normally ordered wedge. 

Theorem 4.2. T/ie normally ordered wedges in T m form a base of T m . 

4.3 U g (g)-module structure 

First we assign weights to the Fock space by setting 

wt(jm)) := A m . 

This fixes the action of the q h (h € P*). For example wt(|m) B ) = Ao + Ai 
(m € Z). 

Proposition 4.3. Let V(X m ) denote the irreducible integrable U g (g) -module 
of highest weight X m . The character of T m is 

ch(^ m ) = ch(y(A m )) - e-^)" 1 . (4.3.1) 

r>0 

Theorem 4.4. T m has the structure of an integrable \J q (g) -module. 

There are two steps to proving this: (i) proving that the action of ei, ft 
is well-defined (converges in the g-adic topology) and is integrable, and (ii) 
checking that the commutation relations are satisfied. In fact it is sufficient 
to prove it on the vacuum vector \m). 

For example in JF B we have 

ti\m) B = q\m) B (i G I), 

ei \m) B = [2] Vi r A v A \m + 1 + r) B = (by ( ggj )), 

rGN 



fi \m) = [2] ^ v i T fw 2 /\q\m + l + r 

rGN 

= q [2] (J2(~1 2 y) ^2 A |m + 1) B = v 2 A \m + 1 



rGN 

Then one can check that 

\B r i \B „. A i_ i i \B 



[ei, fi] \m) B = ei • /i |m) B = ei^ A |m + l) 1 



-i 



B _ *1 — *1 |_\B 



9-9 
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4.4 Bosons 

Define boson operators B a 

B a :=^l® r ®z»® 1®°° (aGZ\{0}) 

reN 

= Z « ® 1®« + 1 ® ^ ® 1®~ + 1 ® 1 ® ;S« ® 1®°° + . . . . 

Proposition 4.5. T/ie action of the operators B a on T m converges in the 
q-adic topology. 

Proposition 4.6. -B a \m) = /or a// a G Z>o- 

Proposition 4.7. There exists 7 a € 0(9) (independent of m) such that 

[B a , B a >] \m) = 7 a 5 a +a',o |m). 

g = 0, 7 a = a. 

Let H be the Heisenberg algebra generated by {B a } a€ x\{o} with the 
defining relations [B a ,B a >] = <5 a +a',o7a- Then H acts on the Fock space !F m 
commuting with the action of Uq(g'). Let Q[H_] := Q[B^ a ] a( zz >0 ' 1 De the 
Fock space for H with vacuum vector 1 and the defining relation B a ■ 1 = 
(a G Z>o). Let u\ m denote the highest weight vector in V(X m ). Since 
\m) is annihilated by ej (i € /) and B a (a £ Z>o), we have an injective 
Ug(s') H- linear homomorphism 

tm : V{X m ) Q[H_] -» .F m 
u\ m 1 h-> |m). 



Theorem 4.8. t m : V(A m ) Q[H_] — > T m i- s an isomorphism. 



The proof is by comparing the characters (4.3.1). This gives the decom- 
position of Tm into irreducible U (£|)-modules. 

7 a can be calculated by using the decomposition via t m of the wedge 
vertex operator (V^g T m — ► ^"m-l) to a product of the usual vertex op- 
erator (Vas V(A m ) — ► y(A m _i)) and the boson vertex operator, and then 
calculating the equality of two-point functions corresponding to this decom- 



position (see jKMPYll ). 



Proposition 4.9. In our example 
[B a ,B a ,]\m) B = 



l-q 



2<i 



Sa+a',0 \m) B . 
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